A new approach to proving H\"older continuity for quasilinear parabolic
  equations -- Announcement by Adimurthi, Karthik
ar
X
iv
:2
00
6.
01
12
9v
1 
 [m
ath
.A
P]
  3
1 M
ay
 20
20
A new approach to proving Ho¨lder continuity for quasilinear parabolic
equations
Karthik Adimurthia
aTata Institute of Fundamental Research, Centre for Applicable Mathematics,Bangalore, Karnataka, 560065, India
Abstract
We announce some new results for proving Ho¨lder continuity of weak solutions to quasilinear parabolic equations
whose prototype takes the form
ut − div(|∇u|
p−2∇u) = 0 or ut − div(|ux1 |
p1−2ux1 , |ux2 |
p2−2ux2 , . . . |uxN |
pN−2uxN ) = 0
and 1 < {p1, p2, . . . , pN} < ∞. We develop a new technique which is independent of the “method of intrinsic
scaling” developed by E.DiBenedetto in the degenerate case (p ≥ 2) and E.DiBenedetto and Y.Z.Chen in the
singular case (p ≤ 2) and instead uses a new and elementary linearisation procedure to handle the nonlinearity.
Since, we do not make use of any intrinsic scaling nor logarithmic estimates, all the estimates that we use is
essentially the linear version, as a consequence of which our proof is quite simple and direct. In the process, we
solve several long standing open questions in full generality.
1. Announcement
In this paper, we are interested in weak solution of quasilinear parabolic equation of the form
ut − divA(x, t,∇u) = 0 (1.1)
under the following structure conditions:

〈A(x, t,∇u) ,∇u〉 ≥ C0|∇u|
p,
|A(x, t,∇u)| ≤ C1|∇u|
p−1.
(1.2)
where we take 1 < p <∞ or the anisotropic structure conditions

Ai(x, t,∇u) · uui ≥ C0|uxi|
pi ,
|Ai(x, t,∇u)| ≤ C1|uxi |
pi−1.
(1.3)
with 1 < {p1, p2, . . . , pN} <∞.
Let us note the following notation: for any s ∈ (1,∞) and given two points z1 = (x1, t1) ∈ R
N+1 and
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z2 = (x2, t2) ∈ R
N+1, we define the following metric:
ds(z1, z2) := max{|x1 − x2|, |t1 − t2|
1/s}.
The starting point of the new techniques was from the paper jointly written with Sukjung Hwang in[4] where
a new technique was developed which did not need any intrinsic scaling nor logarithmic estimates as used in
[5, 6]. The following result was proved:
Theorem 1.1 ([4]). Let
2N
N + 2
< p < ∞ and A(x, t, ζ) satisfy (1.2) along with additional regularity, then any
weak solution of (1.1) is bounded the satisfies the following Ho¨lder regularity estimate:
|u(z1)− u(z2)|
d2(z1, z2)α
≤
C(N,p,C0,C1,‖u‖L∞(Q4R0 ))
Rα0
,
where α = α(N, p, C0, C1) ∈ (0, 1) and 4Q0 = B4R0 × (−(4R0)
2, (4R0)
2).
Subsequently using more refined techniques, the full Ho¨lder regularity was proved. First was the regularity
in the degenerate case proved in [3].
Theorem 1.2 ([3]). Let 2 ≤ p <∞ and A(x, t, ζ) satisfy (1.2), then any bounded, weak solution of (1.1) satisfies
the following Ho¨lder regularity estimate:
|u(z1)− u(z2)|
d2(z1, z2)α
≤
C(N,p,C0,C1,‖u‖L∞(Q4R0 ))
Rα0
,
where α = α(N, p, C0, C1) ∈ (0, 1) and 4Q0 = B4R0 × (−(4R0)
2, (4R0)
2).
In the singular case, the techniques from [3] were suitably modified and adapted to prove the following result:
Theorem 1.3 ([4]). Let 1 < p ≤ 2 and A(x, t, ζ) satisfy (1.2), then any bounded, weak solution of (1.1) satisfies
the following Ho¨lder regularity estimate:
|u(z1)− u(z2)|
dp(z1, z2)α
≤
C(N,p,C0,C1,‖u‖L∞(Q4R0 ))
Rα0
,
where α = α(N, p, C0, C1) ∈ (0, 1) and 4Q0 = B4R0 × (−(4R0)
p, (4R0)
p).
There are two long standing open questions concerning regularity of (1.1) under (1.2) or (1.3) assumptions.
• When does a bounded, weak solution u of (1.1) satisfying (1.3) become Ho¨lder regular?
• If one considers bounded, weak solutions of (1.1) satisfying (1.2), G.M.Lieberman asked if Ho¨lder regularity
can be proved without having to differentiate between the singular and degenerate regimes?
Both these problems have remained open for a long time. In the anisotropic case, only partial results were
known in the elliptic setting and nothing was known in the parabolic case. Combining the ideas from [2, 3], we
completely solve both these open questions and also obtain improved regularity in several other situations.
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Theorem 1.4 ([1]). Let u be a bounded, weak solution of (1.1) in 4Q0 = B4R0 × (−(4R0)
1+q, (4R0)
1+q) with
A(x, t, ζ) satisfying (1.3) and 1 + q < ~p < ∞ where q ∈ (0, 1) is some fixed number. Then u is locally Ho¨lder
continuous satisfying the following estimate: for any z1, z2 ∈ Q0, there holds
|u(z1)− u(z2)|
d1+q(z1, z2)α
≤
C(N,~p,C0,C1,‖u‖L∞(Q4R0 ),q)
Rα0
,
where α = α(N, ~p, C0, C1, ‖u‖L∞(Q4R0 ), q) ∈ (0, 1).
As a corollary, we resolve the second question in full generality and the theorem reads as:
Corollary 1.5 ([1]). Let u be a bounded, weak solution of (1.1) with A(x, t, ζ) satisfying (1.2). Then for some
fixed q ∈ (0, 1) and 1 + q < p < ∞, we have that u is Ho¨lder continuous with the following bound: for any
z1, z2 ∈ Q0, there holds
|u(z1)− u(z2)|
d1+q(z1, z2)α
≤
C(N,p,C0,C1,‖u‖L∞(Q4R0 ),q)
Rα0
,
where α = α(N, p, C0, C1, ‖u‖L∞(Q4R0 ), q) ∈ (0, 1).
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